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REPRESENTATION AND CALCULATION OF THE SPECTRAL DENSITY OF THE FIELD 
OF ArmOSPHERIC TURBULENCE BASED ON THE RESULTS 

OF AIRCRAFT FLIGHT TESTS 

Raymond Andrg and Albert Jouan 

ABSTRACT 

This a r t i c l e  presents a .method of invest i -  
gating the f i e l d  of at.mospheric turbulence based 
on the r e su l t s  of high-speed f l i g h t s  i n  a turbu- 
lent  atmosphere. 

The essence of the method consists i n  ca l -  
culating the spectral  density of the correlation 
functions characterizing the turbulence by way of 
the response of the a i r c ra f t  regarded as a measur- 
ing instrument. 

mathematical model t ha t  w i l l  best f i t  the phe- 
nomenon are  discussed. 

giving the spec t ra l  density of a s ta t ionary ran- 
dom process i s  described. 

I n  Part  1 the physical assumptions and the 

I n  P a r t  2 a semi-analog analysis chain 

I. Introduction 

Atmospheric turbulence and i t s  significance f o r  aeronautics 
a r e  matters with which engineers and designers i n  a l l  countries have 
been concerned f o r  .more than t h i r t y  years. A knowledge of atmospher- 
i c  turbulence i s  essent ia l  t o  provide designers with standards f o r  
calculating the maximum stresses  t o  which an a i r c r a f t  .may be sub- 
jected during i t s  service l i f e  and f o r  proportioning the structure. 
At.mospheric turbulence w i l l  likewise a f fec t  the rate of aging of the 
airframe (fat igue) ,  the f l i g h t  character is t ics  of the a i r c ra f t  (ma- 
neuverability), and the llco.mfort'l - i n  the widest sense - of passen- 
gers and crew. 
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This problem - which has been the subject of many previous 
works on the theore t ica l  and the experimental l eve l  - i s  now es- 
pecially acute i n  view of contemplated f l i g h t  programs for:  

a) .military a i r c r a f t  ( f u l l  supersonic low-altitude operation) ; 
b) the supersonic commercial transport  (transonic landing 

approach, crossing 
speeds). 

j e t  stream" zone at  high a l t i t ude  a t  supersonic 

11. General 

The phenomenon of atmospheric turbulence may be defined as 
the rapid var ia t ion i n  time and space of the velocity vector linked 
with the stream l ine,  re la t ive  t o  an established steady-state regime 
which i s  i t s e l f  a function of the average wind intensity.  Further, 
these rapid variations involve an en t i r e ly  random process, which 
distinguishes them from the phenomena of c l a s s i ca l  acoustics. 

One approach t o  the study of turbulence i s  t o  f l y  an a i r c r a f t  
i n  a turbulent atmosphere and investigate i t s  response. This method 
employs the a i r c r a f t  as a peculiarly adaptable, d i rec t  measuring in-  
s tr ume n t  . 
a i r c ra f t  type f lying through a medium l iab le  t o  turbulence involves 
several d i s t i nc t  steps. 

Solution of the general problem of the response of a given 

1. The f irst  step i s  t o  f ind  the entry function of the 
system, tha t  is ,  the "atmospheric turbulence f ie ld ."  Given the ran- 
dom character of the phenomenon, t h i s  implies a s t a t i s t i c a l  descrip- 
t ion  of the atmosphere, taking account of numerous parameters (a l t i -  
tude, temperature, nature of the ground, wind, humidity), and the 
analytic formulation of i t s  geometric spa t i a l  properties. 

2. The second step is  t o  calculate the aerodynamic forces 
associated with the turbulent f i e l d  (gust forces).  
t h i s  step, of course, depends on the r e su l t s  of the first.  

The solution of 

3 .  The th i rd  s tep i s  t o  determine the t ransfer  functions 
relat ing the motion of the a i r c ra f t  t o  the gust forces. This s tep 
involves use of the laws of f l i g h t  mechanics and a knowledge of the 
e l a s t i c  behavior of the structure a t  the f lying speed i n  question. 

4. Finally, the l a s t  s tep co.mbines the entry function with 
the t ransfer  functions t o  obtain the f i n a l  functions of a i r c r a f t  
motion, s t ra ins  and stresses.  
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I n  the experimental procedure, the logical  order s e t  f o r t h  
above i s  reversed: 

- Firs t ly ,  the response of the a i r c ra f t  i s  known (step 4). 

- Step 3 i s  obtained by conventional techniques of tes t ing  
s t a b i l i t y  and harmonics i n  f l i gh t .  

- Step 2 requires simplifying hypotheses t o  be made a 
p r io r i  ( t he i r  va l id i ty  t o  be confirmed a poster ior i )  concerning: 
the coefficients t o  be introduced ( f o r  example, stationary or quasi- 
stationary);  dis t r ibut ion over ti?e span (for example, constant). 

- Step 1 represents the f i n a l  object of the t e s t .  

The purpose of t h i s  report  i s  t o  describe a means of arriving, 
by a i r c ra f t  f l i g h t  t e s t s ,  a t  an accurate knowledge of the atmospheric 
turbulence f i e l d  using a spectral  method of representation. 

theories - the physical and mathematical model t ha t  w i l l  best  "fi t"  
the phenomenon and specify the assumptions made and t he i r  conse- 
quences, f o r  l a t e r  experimental ver i f icat ion.  

I n  Pa r t  Two, we s h a l l  describe a chain of analysis i n  which 
each l ink corresponds precisely t o  a known mathematical operation, 
giving the spec t ra l  density of the correlation functions of a sta- 
tionary random process. 

In  Part One, we s h a l l  present - on the basis of existing 

PART om 

I. Tensor Representation of Atmospheric Turbulence - ~ ~ _ _ _  
Fie Id 

1. Definitions 

Relative t o  a system of axes i n  s t ra ight- l ine t ranslat ional  motion 
linked with the established steady-state regime, l e t  the turbulent 
velocity vector be 
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- 
U (xlx2St) a t  a point M, a 

- 1 ' '  u (x x x t') at  a point M'. 
f3 1 2 3  

/ / /  
- - - 

The tensor R = U (x x x t) U (x x x t') representing the a 1 2 3  B 1 2 3  
mean value of the product of the components defines the spatiotemporal 
velocity correlations linked with the f lu id .  

This tensor has 9 space and time components. 
The basic problem is as follows: - 

M and the re la t ive  posit ion of M and M' i n  the space-time domain. 

evolution i n  a f lu id  of disturbances originating at  great distances. 

To f ind  the analytic form of 
f o r  a given f l u i d  as a function of the absolute position of point 

For t h i s  we have the Navier-Stokes equations describing the 

au, a ap a2ua 
f v  

8% 
- + @ - + - - ( v u ) = - -  
a t  axp ax af3 &a ax,, axf3 

These p a r t i a l  d i f f e ren t i a l  equations c a l l  for the following 
remarks : 

a) They are val id  f o r  an incompressible f l u i d ;  

b) They are not l inear;  

c )  They involve multiple correlations of the velocity 
components ; 

d) Their boundary conditions a re  not known. 

They are  not solvable. To simplify the problem, we m u s t  in-  
troduce some new assumptions about the s t ructure  of the single cor- 
relations and t h e i r  relationships with the double correlations, 
themselves based on cer ta in  invariance and symmetry properties of 
the space and time tensor R . 

af3 
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2. Assumptions 

Homogeneity 

The turbulence f i e l d  w i l l  be said t o  be homogeneous if  the 
components of the double tensor R are functions solely of the 

f i v e  independent variables 
aB 

5 = x  - x ’  t 
3 3 3’ 

t’. 

It would not be physical t o  postulate homogeneity of turbulence 
throughout the spa t i a l  domain D, bu t  it is  possible t o  consider 
sub-domains d of suf f ic ien t  extent tha t  do possess t h i s  property. 

Isotropy 

The turbulence f i e l d  w i l l  be said t o  be isotropic if  the 
components of the tensor E are invariant with respect t o  rotations 
or permutations, of the coordinate axes. 
var i  ab l e  s 

This leaves only the three 

These two assumptions postulate properties of invariance and 
symmetry of the pure s p a t i a l  components of the tensor R, the second 
assumption complementing the f irst  i n  the sense t h a t  the symmetry i s  
spherical. 
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Stationary S ta te  

The turbulence f i e l d  will be said t o  be s ta t ionary ( o r  homoge- 
neous i n  time) i f  the sane tensor components depend only on two 
variables 

r, T = t f  - t. 

Physically, f o r  an imperfect f lu id ,  t h i s  assumption i s  incompatible 
with the assumption of homogeneity even f o r  a spa t i a l  subdomain d 
of suff ic ient  extent. For if  the kinematic viscosi ty  v i s  not zero, 
the phenomenon w i l l  not be conservative i n  time, owing t o  the dissi-  
pation of energy i n  the form of heat. 

energy supply the phenomenon i s  local ly  stationary, the intensi ty  of 
the turbulence w i l l  be spa t ia l ly  damped, and there w i l l  not be homo- 
geneity. 

Conversely, i f  thanks t o  a steady (but spa t i a l ly  localized) 

3. Models of Turbulence 

On the basis of these various assumptions, three models of turbu- 
lence were devised, and more or l ess  s a t i s f ac to r i ly  ver i f ied by 
experiments - wind t m e l  and f r ee  flow -, i n  view of the enormous 
d i f f i cu l t i e s  of an experimental approach t o  the .measurement of the 
crosscomponents of the tensor involving both space and time. 

1) Turbulence with spherical  symmetry; homogeneous, 
isotropic,  but not stationary (Heisenberg). 

2) Turbulence with cylindrical  symmetry; about a pr incipal  
axis defined by the mean f l u i d  flow; homogeneous within a limited 
domain, nonisotropic, stationary. This system see.ms especially 
suitable f o r  wind tunnel t e s t s .  

3 )  Axially symmetric turbulence (Batchelor, 1) ; homogeneous, 
nonisotropic, nonstatianary. 
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11. Spectrall-escrigzion . -  of Atmospheric Turbulence 

1. Spectral  Description of Turbulence Field 
Introduced by G, I. Taylor i n  19% 

It w i l l  be seen tha t  t h i s  description is  highly serviceable because - 
by way of the notion of an energy spectrum - it introduces an addi- 
t iona l  degree of freedom i n  the determination of subdomains - not 
only with respect t o  space but also with respect t o  time -, the two 
parameters being linked by Taylor's hypothesis. 

Taylor's Hy-pothesis 

This consists i n  linking the pure time correlation function 
with the pure space correlation function along a preferred axis 
defined by the mean velocity vector V of the f lu id ,  or moving body, 
i n  accordance with the relat ion 

Thanks t o  t h i s  hypothesis, the spectral  

be defined i n  terms of the Fourier i n t e g r a l '  

tensor $ can now 
aB 

the re la t ion  

q') dk.dq.dq' ( 2 )  

with 5 ,  k vectors; q, q' frequencies; dk element of volume i n  the 
domain of the wave numbers. 
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2 .  Heisenberg Has Shown That Given Isotropic-Turbulence the Spectral _ _ -  

c u n c t i o n  Eo(k,t) 

This function, which has a simple analytic form, possesses the valuable 
property of being real and positive, and plays the part of an energy 
density. 

may be defined by the integral 
Proceeding from this idea, the mean energy of the turbulence 

Experimentally, it is important to know two components of the 
spectral tensor: ’ 

1. Spectral space-time longitudinal correlation (or auto- 
~ 

correlation) function. 

Fig. a. 

Knowledge of this function tells us the structure of the turbulence 
along the preferred axis defined by the flight path of the aircraft. 

2. Spectral transverse space correlation function. 

’Flight tests do not give direct data on the correlation functions 
of the U component of the spectral tensor directed along the prin- 
cipal axis, but on the correlation functions of the W component 
perpendicular to U in the vertical plane defined by the points M 
and M’. 

.. 

.. .. - _._ .. .. . ._ . . . _. . 
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Fig. b. 

Knowledge of t h i s  function t e l l s  us the structure of space i n  the 
horizontal plane, perpendicular t o  the principal direction, thus 
enabling u s  t o  ver i fy  the isotropy. 

3 .  Sche.mgtgzation o f - t h e  Aircraft  Regarded as a Measuring Instru- 
ment (Fig.. 1) 

The a i r c ra f t  i s  schematized as a f la t  plate,  of s m a l l  thickness and 
f i n i t e  aspect r a t io ,  moving through the atmosphere a t  a constant 
speed V and at  a substantially constant a l t i tude  above the group 
( p  constant). 

Flight 
path - . x ’  

Path of molecule of f l u i d  

Fig. 1. 

This p la te  i s  capable of moving bodily about i t s  center of 
gravity, as defined by Z’(w, t), the v e r t i c a l  velocity of the center 
of gravity, 9‘(w, t) , the ra te  of var ia t ion of the a t t i tude  of the 
plate.  The plate  i s  a l so  subject t o  e l a s t i c  s t ra ins  defined by the 
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ver t i ca l  velocity ~ ‘ ( w ,  t) at  any point. 
The span of the plate  i s  regarded as s m a l l  enough f o r  the Y- 

variations of the turbulence f i e l d  t o  be regarded as negligible, 
i .e. aW/aY = 0, where W i s  the ve r t i ca l  velocity of the f l u i d  mole- 
cules. 

I ts  analysis gives the 
spectral  auto-correlation function of the ve r t i ca l  co.mponent W of 
the turbulence i n  terms of the response of the a i r c ra f t  and permits 
ver i f icat ion of the assumptions of spa t i a l  homogeneity and especially 
stationariness.  

This basic t e s t  i s  very important. 

4. Scheme of Representation of Spectral  Density of Auto-Correlation 
Function 

.- .__ 

Many authors have .made spectral  analyses of the recordedmotion of 
an a i r c r a f t  f lying through gusts - Zbrozek, Riedland, Panofsky (6 
and 9) abroad; i n  France, the Brdtigny Fl ight  Test Center (5) ,  S k -  
Aviazion and O.N.E.R.A. have begun t o  analyze Mystdre IV A Flight 
tes t s .  The spectra have the following general form (Fig. 2 ) .  

The curve has four d i s t inc t  zones. 

Zone A: 0 < N < few tenths of a cps. 

This zone of very low frequencies i s  very d i f f i c u l t  t o  reach 
experimentally because of possible d r i f t  of the .measuring instru-  
.ment s . 

It i s  believed t o  be a zone of energy input with very long 
wave lengths (several kilometers), influenced by thermal or mechan- 
i c a l  phenomena. ( r e l i e f  and wind). 

ness and ho.mogeneity scarcely makes sense. 

w = 0 i n  order t o  define the scale of turbulence. 

I n  t h i s  zone, ver i f icat ion of the assmptions of s ta t ionar i -  

However, it i s  worth knowing the l i m i t  of the spectrum f o r  

Zone B: f e w  tenths of a cps < N < few cps. 

Accurate knowledge of t h i s  zone i s  essent ia l  f o r  three 
reasons : 

1. It represents an extremely high energy level; 

2. It contains the s t a b i l i t y  frequencies of the a i r c r a f t  
( for  example, i n  pi tch) ;  
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3 .  Last and most important, the law of decrease of the 
$ curve w i l l  serve t o  confirm o r  refute  exis t ing theories. 

ww 

According t o  Kolmogorov (1%1), t h i s  zone i s  supoosed t o  cor- 
respond t o  energy t ransfer  without degradation (permissible t o  put 

Zone 0 

.. .........._. - 
1 -0 

Fig. 2. 

Zone A Energy input 
B, C Energy t ransfer ,  v = 0 
D Energy degradation, v # 0 

1 Structural  mode frequencies 
2 Pitch frequency 

-- W ,  spectrum, atmosphere - Z spectrum, a i r c r a f t  ... Not analyzed 

v = 0 f o r  these wavelengths). Under the influence of the nonlinear 
terms due t o  i n e r t i a  forces, the component spectral  l ines are  assumed 
t o  be i n  s t a t i s t i c a l  equilibrium; this equilibrium would be largely 
independent of the i n i t i a l  conditions tha t  produced the turbulence. 
I n  t h i s  zone, therefore, the curve should have a f a i r l y  universal 
f om. 

and stationariness should be ver i f ied simultaneously, as i s  possible 
for a perfect gas. 

Moreover, the coefficient v being zero, spa t i a l  homogeneity 



Zone C: f e w  cps < N < few tens of cps. 

1. It contains the s t ruc tura l  frequencies of the a i rc raf t ;  

2. Although the leve l  i s  much lower than i n  zone B ( r a t i o  
A /A 

t o  the e l a s t i c  modes may bring about .major amplifications. 
For low damping a = LO per . m i l ,  we would have q = 100. 

i s  a t  least of the order of loo), the over.loading factors  due 
0 1  

Examples: 

This zone also corresponds t o  energy t ransfer  without degrada- 

We analyzed t h i s  zone up t o  a frequency of N = 20 cps. 
t i on  ( v  = 0 ) .  

exponential decrease as a function of w appears t o  have a def ini te ly  
smaller exponent than i n  zone B. 

The 

Zone D: N > few tens of cps. 

This zone i s  of i n t e re s t  only as qualifying the asymptotic 
behavior of the spectral  curve. A s  the influence of the viscosity 
increases with frequency (short  wavelengths), the convergence t o  zero 
should be rapid. 

However, it must be borne i n  mind tha t  the a i r c ra f t  i s  too in-  
sensit ive and imperfect an ins t rumat  f o r  measurements i n  t h i s  ' fre- 
quency range. 

5. Finding Spectral  Function of W (Entry Function) from Spectral  
Function of Aircraf t  Response (see Fig. 27 

- 

We sha l l  say only a few words on t h i s  subject, which we have not yet 
attacked experimentally. It will be the subject of l a t e r  publications 
a f t e r  f l i g h t  t e s t s  on the Nora 2508 B-01 a t  Villaroche. 

Zone B: The Fl ight  Test Center has already obtained some 
very good resu l t s  i n  t h i s  zone by analog methods (cf. Study Report 
No. 653 by J. Perrochon). 

spectral  density of the turbulence, T (w) the square of the a i r c ra f t  
control t ransfer  function, and S(w) the spectral  density of the air- 
c r a f t  response, we have i n  matrix f 0 r . m  

If E(w) i s  the scalar  representing the 
2 



Zone C: I n  the range of e l a s t i c  s t ra ins ,  equation (4) con- 
t inues t o  hold. The t ransfer  function T’(w) can be obtained from a 
preliminary harmonic f l i g h t  tes t .  

The problem i s  .mch.more complicated, however, because it is 
necessary t o  introduce the lag i n  the establishment of gust forces, 
a function of the low frequency, and take into account the d i s t r i -  
bution of turbulence over the span, which is  not negligible a t  these 
wavelengths. 

We sha l l  attempt a quick check, based on Nora 2508 f l i g h t  
t e s t s ,  at leas t  on the first s t ruc tura l  modes (bending, 2 nodes, 
torsion, fuselage). 



PART TWO 

SPEC*IIRAL ANALYSIS OF STATIONARY RANDOM FUNCTIONS 

I. General 

Determining the spectrum of the response of a structure t o  a 
given ci ta t ion,  a cer ta in  function of time, is a c lass ica l  problem. 

In  the case of spectral  analysis of the response of an a i r c r a f t  
structure t o  the excitation generated by a turbulent f lu id ,  the d i f -  
f i c u l t y  a r i ses  from the f a c t  t ha t  the source of excitation i s  par t  of 
a random process. 

We s h a l l  assume: 

1. tha t  the process i s  stationary; 

2. t ha t  s t a t i s t i c a l l y  it obeys the Laplace-Gauss l a w ,  and 
s o  depends solely on second-order moments. 

It can be shown i n  t h i s  case tha t  the process is  co.mpletely 
defined by the "power" of the phenomenon, a function linked with the 
square of the amplitude and hence with the energy. 

We s a w  i n  P a r t  One tha t  spec t ra l  representation of the space- 
time auto-correlation function of the atmospheric turbulence f i e l d  
and of the pure space intercorrelat ion function enables us t o  des- 
cribe t h i s  f i e l d  with suff ic ient  accuracy. 

correlation functions i s  the crux of t h i s  method. 
Thus the rigorous plot t ing of the spectral  density of the 

11. Methods of Calculating __ Spectral  - Density 

L e t  the function x ( t )  per ta in  t o  a stationary and ergodic ran- 
dom process. 
= mean value) 

The auto-correlation function i s  then defined by (M = 

Rxx ( T )  = M [x( t )  * x (t -I- T ) ]  



The spectral  density or "power" w i l l  be given by the Fourier 
transform of R ( 7) , 7 c X  

and since R ( 7 )  is  an even function, -xx 

P (w)  = s i  R ( 7 )  COS WT dT. xx ll xx 

Now if  we c a l l  x (t) the function 
T 

%(t) = x ( t )  for - T S t I T 

0 f o r  t < - T, t > T  

and i f  - X( j w )  i s  the Fourier transform of x ( t )  , 

+ T  - j w t  a t  x (jw) = - 
2n T 

( 9 )  
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and 

The spectral  density of the auto-correlation function can 
therefore be obtained i n  two different  ways: 

a) By a purely mechanographic method, using the auto- 
correlation function (6) and then taking the Fourier transform of 
t ha t  function. 
upper p a t s  of the spectrum it requires a very high mechanographic 
input capacity (10 points per half-period, or b0 readings per 
second t o  reach 20 cps). 

This is  a long and expensive procedure, and for the 

b) By a purely analog methd (selective f i l t e r i n g ) .  
Suppose we have an idea l  crenelate tyrpe pass-band f i l t e r  with trans- 
f e r  function 

2 Z ( j w )  = 1 f o r  w < w w 1 

O f o r w < w  w > w .  1' 2 

. w  
. -  

0 0 1  "2 

Fig. 3 .  



Between the Fourier transforms of the input and output func- 
t ions  we=,shall have the relat ion:  

Y (jw) = z (jw) - x (jw). (12) 

The output power w i l l  be given by 

hence 

(16) 
1 2 

T 2 1 

m 
(w) dw = lim - 1 X (jw) 1 f o r  w + w . 

T + m  

This .method c a l l s  for three c r i t i c a l  remarks. 

1. The ac tua l  f i l t e r  i s  never ideal;  it has a self- 
attenuation a that i s  not zero. The .mathematical Fourier transform 
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operation i s  therefore not exact, being performed not with respect 
t o  the j w  but with respect t o  the a +  j w  axis.  pb 

2. It w i l l  not permit analysis i n  amplitude and phase 
(real and imaginary par ts) .  Hence the spectrum of the intercorrela-  
t i on  functions cannot be investigated by t h i s  method. I n  f ac t ,  f o r  
these functions we s h a l l  have 

3 .  Lastly, and t h i s  i s  the most serious objection, the 
f i n a l  integrat ion i s  generally carr ied out by means of an e l e c t r i c  
integrator,  the graphical planimetering of the curve being an ex- 
tremely time-consuming and tedious task. 

Now the integrat ion time T,  representing the time constant of 
the e l ec t r i c  integrator,  must be far greater than the  periods T 

be analyzed. 
As  the spec t ra l  measurement m u s t  be a mean of instantaneous 

values taken i n  the in t e rva l  - T, + T, there i s  an inherent incom- 
p a t i b i l i t y  between the  def ini t ion o f ' a  correct  mean value and of a 
precise point w i n  the spectrum, an incompatibility between the de- 
termination of frequencies and times. 

to i 

thod of Spectrum Calculation - -  

I n  t h i s  section we s h a l l  describe the  random function spec t ra l  

It consists of :  
analysis chain of which a block diagram i s  given i n  Fig. 7. 

1. An M 400 T o l a n a  readout uni t  and demodulator delivering 



P 

the s ignal  X ( t )  t o  be analyzed. - 

2. A Muirhead two-phase generator giving two harmonic 
references 

h cos w t ,  h s i n  w t .  

This generator can go down t o  1/100 cps. 

3 .  A two-channel multiplier t h a t  can perform the follow- 
ing operations instantaneously: 

Let z(t) be the random process, supposed t o  consist  of a 
set  of functions of the form 

W 

x ( t)  = 1 [an cos n stt + s i n  n sz t ] .  

n =  1 

After  multiplication, 

and since the product vanishes f o r  w # nR, 

( - 
= A * cos2 w t  = han 

x (t) - A cos w t  = r-1 - harmonic 2. 

Similarly we have 

.. .- .. ....... ,, 
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X (t) h s i n  w t  = [3] - harmonic 2. ( 2 3 )  
2 

It i s  not possible t o  suppress harmonic 2 by f i l t e r i n g  without 
introducing large t i m e  constants. 
be falsified; i n  f ac t ,  

But the f i n a l  i n t eg ra l  w i l l  not 

\ 
/ a S T - ) m  

J 

J 

cos w t  a t  --f 0 

T 

0 
s i n  w t  - d t  + o 

4. A n  instantaneous numerical integrator,  by frequency 
modulation and counting. 

t 

Fig. 4 

Fig. 5 
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Fig. 6 

Here are some de ta i l s  on the integrating process used, which 
i s  or iginal  s o  far as we know. 

a. Required t o  integrate with respect t o  time, between 
two terminals T and T a continuous voltage, varying i n  amplitude 

and sign, put out by the multiplier.  
1 2' 

Let us enlarge a very short in te rva l  taken out of Fig. 4. 
After frequency .modulation, the phenomenon w i l l  appear as 

The density of "crenelations" per second thus depends on the 
follows. 

amplitude and sign of the low-frequency voltage .modulating the 
carr ier .  Arithmetical counting of these crenelations i n  a Rochar 
decade counter (type A 1213) gives a reading proportional t o  the 
algebraic area included between the curve i n  Fig. 4 and the time 
axis, or i n  other words the in tegra l  of the signal. 

with signal input short-circuited supplies a value N 

with input unshorted supplies a value N 

In  practice, preliminary counting of the central  car r ie r  
Counting 

0.  

1. 
W e  have I = IN - N o ]  X (sign of Nl - No) .  1 

b. The apparatus used comprises: 

- Two tube modulators with cent ra l  car r ie r  N = 10,000 
cps . 

- Two Rochar decade counters with storage capacities 
6 

of 10 units. The counting range thus covers 100 seconds, but this 
can be multiplied by sh i f t ing  the f irst  place. 

- The accuracy of t h i s  method, using trapezoidal in-  
tegration, i s  very high, i n  view of the large number of readings per 



z (1) = 2 [a, cos nnt + b ,  sin nnrl. 
.-I 

Fig. 7. Block diagram of analysis chain. 

1. Readout unit 5. Multiplier 1 9. Modulator 2 
2. Sequencer, programer 6 .  ~ u l t i ~ l i e r  2 10. Counter 1 
3 .  ,Audio 7. Two-phase VW generator 11. Counter 2 
4. Demodulator 8. Modulator 1 

c 



4 second (LO ). 

Sensi t ivi ty  i s  high if the maximum modulation "swing," 40% of 
the central  frequency i s  used; the Rochar count being defined within 
+ - 1 unit, two fundamental properties of the equipment are necessary 
t o  use t h i s  .method: 

a. Perfect s t a b i l i t y  of modulators during measurement 

-4 (drift less  than 10 a f t e r  war.ming up one half-hour); 

b. Precise and constant definit ion,  between each meas- 
uring point, of the in te rva l  

T = T  - 7  
2 1. 

5. Programmer, sequencer. - The in te rva l  T i s  defined by 
a p r o g r m e r  b u i l t  by the OR Electronics Laboratory. 

a. A harmonic signal from a generator with very high 
frequency s t a b i l i t y  i s  pre-recorded on an auxiliary t rack of the 
analysis tape. Ey numerical counting i n  a 7-decade sequencer, it 
w i l l  determine the beginning (T ) and end ( T  ) of the interval  T 

regardless of l a t e r  variations i n  speed of the tape (chance varia- 
t ions i n  feed or high-speed run f o r  extra-fast  analysis). 

1 2 

b. A t  time T the programmer-sequencer furnishes a 1 
"top" which opens the s ta r t ing  switch of the Rochar counter (chrono- 
meter A) .  A t  t i m e  T 

same switch (chronometer B) . 
it furnishes another "top" which closes the 

2' 

6. Thus we have numerically the three quantit ies 

b 
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T 
R (w) = s o  X (t) h cos w t  d t  

whence by a simple ari thmetical  operation 

(27) 

which i s  the function sought. 

IY. Possible Automation of the ~~ Chain; - Extra-Fast Analysis 

Automation of the measurement of R(w) and J(w) from a recopy 
w i l l  be obtainable i n  a matter of months, It w i l l  involve: 

a) A '"long loop" (100 meters) being developed by the 
Tolana f i rm,  the purpose of which i s  not t o  render the phenomenon 
being analyzed periodic but simply t o  avoid having t o  "back up" the 
magnetic tape t o  analyze different  w ' s  of the spectrum. A short  

c i r cu i t  linked with par t  of the tape then permits step-by-step ad- 
vance, with each cycle, of the generator. 

i 

b) 
by the Rochar 

c>  
nal, the feed 
of) . 

Two ADD0 X printing machines connected t o  and actuated 
counters. 

Finally, by means of a preliminary recopy of the or igi-  
ra tes  can be multiplied by 16 (with no blurring t o  speak 

J 
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A t e s t  f l i g h t  las t ing 16 minutes can be analyzed i n  1 minute 
per frequency point. 
LO cps can thus be obtained i n  2 hours. 

A complete spectrum of 100 points between 0 and 
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